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Optically generated electron-hole pairs can probe strongly correlated electronic matter, or, by
forming exciton-polaritons within an optical cavity, give rise to photonic nonlinearities. The present
paper theoretically studies the properties of electron-hole pairs in a two-dimensional electron liquid
in the fractional quantum Hall regime. In particular, we quantify the effective interactions between
optical excitations by numerically evaluating the system’s energy spectrum under the assumption
of full spin and Landau level polarization. Optically most active are those pair excitations which do
not modify the correlations of the electron liquid, also known as multiplicative states. In the case
of spatial separation of electrons and holes, these excitations interact repulsively with each other.
However, when the electron liquid is compressible, other non-multiplicative configurations occur at
lower energies. The interactions of such dark excitations strongly depend on the liquid, and can
also become attractive. For the case of a single excitation, we also study the effect of Landau level
mixing in the valence band which can dramatically change the effective mass of an exciton.
I. INTRODUCTION
Quantized electronic transport is the characteristic fea-
ture of integer and fractional quantum Hall systems1,2.
It emerges when a two-dimensional electronic system
is exposed to a strong perpendicular magnetic field.
This intriguing transport behavior manifests the topo-
logical nature of the electrons’ quantum state3, and
the incompressibility of the topological liquid4. To
probe this physics beyond transport different methods
of optical spectroscopy have been applied, including
photoluminescence5–11, inelastic light scattering12–14, or
absorption spectroscopy15–17. Specifically, these tech-
niques have enabled to study the spin physics of quan-
tum Hall materials, including spin-wave excitations and
topological spin textures (“skyrmions”)13–15,17. Recent
advances have incorporated a quantum Hall system in an
optical cavity18–20. The formation of exciton-polaritons
can lead to increased lifetimes of optical excitations,
and optical nonlinearities have been detected using four
wave mixing20. Strikingly, interactions between exciton-
polaritons were found to be strongly enhanced for some
incompressible liquid phases, making such system a po-
tential source for photonic non-linearities.
A simple theoretic model for optical excitations in a
quantum Hall system restricts electrons and holes to the
lowest Landau level (LLL) of the lowest subband, an as-
sumption which holds for strong layer confinement and
strong magnetic field. This model exhibits a remarkable
“hidden” symmetry21–23, making the optical excitations
behave as an ideal Bose gas despite the presence of strong
Coulomb interaction. In this scenario, the electron-hole
pair has no explicit correlations with the electron liq-
uid, and these excitonic states are therefore called “mul-
tiplicative states”. They incur the system’s entire oscil-
lator strength, leading to a single emission/absorption
line at a frequency which is independent on the filling
factor. However, this remarkable theoretical result is not
supported by experimental evidences from photolumines-
cence which show a non-trivial spectral structure, as for
instance a doublet peak near filling ν = 1/3, cf. Refs. 7
or 11. This demonstrates that in real systems the hidden
symmetry is broken, due to finite electron-hole separa-
tion in asymmetric wells, and/or due to Landau level
mixing. Theoretical attempts to explain the structure of
emission spectra were made10,11,24,25, considering broken
particle-hole symmetry in the interaction term.
However, the existing literature is limited mainly to
the case of a single electron-hole pair. In the present
paper, we go beyond earlier studies, as we also exam-
ine the behavior of a second pair. This approach al-
lows to determine nonlinearities in optical experiments
as a shift in the second pair’s binding energy. At finite
electron-hole separation, we obtain interacting states,
amongst which some stand out due to a large overlap
with the multiplicative states. We establish that these
“quasi-multiplicative” states are the most relevant ones
for optical experiments, although non-multiplicative con-
figurations happen to be the ground state in compress-
ible phases. Specifically, we show that energy differences
between quasi-multiplicative states appear as the domi-
nant peaks in photoluminescence spectra. Our numerical
study of the system demonstrates that exciton-exciton
interactions are repulsive, but in contrast to the experi-
ment of Ref. 20 no dependence on the filling factor and/or
the compressibility of the electron liquid is seen in the
strength of the nonlinearity. This mismatch might be
due to significant differences in the carrier density: By
invoking the LLL approximation our theoretical study
is valid for the high-density regime, becoming exact in
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2the limit of infinite magnetic fields. In contrast, Ref. 20
has been performed at rather low carrier densities, at
which the lowest Landau level becomes fractionally filled
in magnetic fields of only a few Tesla.
Our study is based on numerical diagonalization of the
electron-hole Hamiltonian in a toroidal geometry26. In
contrast, the vast majority of the existing numerical work
on electron-hole fluids, cf. Refs.10,11,21–24,27–29 has
been performed on spherical surfaces. Like the sphere,
the torus provides a compact geometry, but it is some-
what more realistic due to its equivalence to a rectangular
plane with periodic boundary conditions. In particular,
the rectangular model naturally allows for particle-hole
symmetry breaking by confining electrons and holes to
two parallel planes separated by a finite distance d.
For the special case of particle-hole symmetry (i.e.
within the lowest Landau level approximation and as-
suming spatially overlapping electron and hole layers),
our study predicts a negative effective mass for the mul-
tiplicative exciton on top of a Laughlin liquid. In other
words, the global ground state of the system occurs at
finite momentum, and the momentum can be assigned
to the electron-hole pair. Earlier numerical work on the
sphere has seen a similar behavior, and has attributed it
to the formation of a charged complex28,29. By explicitly
constructing trial wave function for the finite-momentum
many-body states, we show that these states can rather
be interpreted as dressed excitons, as in Refs. 23,24,27.
We demonstrate that Landau level mixing as well as a
finite distance between electrons and holes render the ex-
citon mass positive. There, our account of Landau level
mixing has been restricted to the valence band hole, as
it is greatly enhanced due to the heavy mass of the hole.
The paper is organized in the following way: We de-
scribe our model of the system in Sec. II, and present
the results in Sec. III. This section is sub-divided into
three parts: The first part studies a system with a single
pair excitation, the second part considers the system with
two pairs. Both parts assume the lowest Landau level ap-
proximation, whereas in the third part we re-consider the
scenario of a single pair excitation, but allowing for Lan-
dau level mixing in the valence band. A discussion which
summarizes our results is given in Sec. IV. Technical de-
tails related to the numerical treatment of quantum Hall
systems are given in the appendices.
II. SYSTEM AND MODEL
We study electrons in a quantum well exposed to a
strong perpendicular magnetic field B. To make the nu-
merical treatment more tractable, we assume that both
conduction and valence band electrons are spin-polarized,
and the well confinement is strong enough to neglect
subband mixing. The band structure is then given by
flat Landau levels in conduction and valence band. The
energy gap between Landau levels is given by the cy-
clotron frequency ω±B ≡ eB/m±eff , depending on the ef-
fective mass m±eff of the band, with index + referring to
the valence band, and index − referring to the conduc-
tion band. Even for the extraordinarily light conduction
band electrons in GaAs (m−eff ≈ 0.07me with me the elec-
tron rest mass), the cyclotron gap ω−B = 2.5THz× (B/T)
is orders of magnitude smaller than the optical bandgap
(~Ebg ≈ 2140THz in GaAs). Accounting for the valence
band degrees of freedom in terms of holes, and switching
into a frame which rotates with the bandgap energy, the
single-particle Hamiltonian can be written as
H0 = ~
∑
n,j
(
ω−Be
†
n,jen,j + ω
+
Bh
†
n,jhn,j
)
, (1)
Apart from a Landau level index n, the creation and
annihilation operators for conduction band electrons
(e†n,j , en,j), and valence band holes (h
†
n,j , hn,j) carry a
second index j. Assuming the absence of disorder, this in-
dex is related to a gauge-dependent geometric symmetry
of the system, e.g. rotational symmetry in the symmet-
ric gauge or translational symmetry in the Landau gauge.
For concreteness, we choose the latter one, in which the
magnetic field is expressed through a vector potential
A = B(0,−x), and thus j is conveniently associated with
invariant momentum along y, py = ~ky = ±~j
√
2piξ
NΦ
,
with opposite signs for electrons and holes. The spatial
wave functions ϕn,j(x, y) associated with these states are
explicitly given in the appendix for a system with peri-
odic boundary conditions (i.e. a torus), which have been
chosen for this work.
In most parts of the present paper, we will apply the
lowest Landau level (LLL) approximation, in which elec-
trons and holes are restricted to level n = 0. In this case,
the single-particle Hamiltonian vanishes, and the interac-
tion potential becomes the crucial Hamiltonian term. We
consider a two-dimensional Coulomb potential for elec-
trons and holes, but the planes to which different carrier
types are confined may be different parallel layers spaced
by a distance d. In Fourier space, the Coulomb potential
then becomes V (q) = 1q exp(−dq), cf. Ref. 26,30. The
divergent term at q = 0 is excluded from the Fourier sum,
which can be justified by assuming a homogeneous “back-
ground” charge density neutralizing each layer. However,
in the real material charge neutrality applies only to the
system as a whole, thus we need to add a charging energy
Ec(Nh, d) which takes into account that each layer has a
net charge ±Nhe. Accordingly, the charging term reads
Hc = 2pi
e2d
A
N2h =
d/lB
NΦ
(e2/lB)N
2
h , (2)
where A is the area of the system, lB =
√
~/eB is the
magnetic length, which is related to A by the number of
magnetic fluxes NΦ, A = 2pil
2
BNΦ. As a convenient unit
of energy, we use e2/lB throughout this paper, and lB
as a unit for length.
The actual interactions are given through the Hamil-
3tonian
V =
1
2
∑
{ni,ji}
[
V n1,n2;n3,n4j1,j2;j3,j4 (0)
(
e†n1,j1e
†
n2,j2
en3,j3en4,j4+
+ h†n4,j4h
†
n3,j3
hn2,j2hn1,j1
)− 2V n1,n2;n3,n4j1,j2;j3,j4 (d)×
× e†n1,j1h†n3,j3hn2,j2en4,j4
]
. (3)
The interaction matrix elements V n1,n2;n3,n4j1,j2;j3,j4 (d) are eval-
uated in the appendix for the torus geometry. In the
appendix, we also provide further details of our numeri-
cal study, in particular a discussion of the translational
symmetry which leads to conserved many-body pseu-
domomenta. These provide quantum numbers for the
many-body eigenstates31, which we denote by integers
(Kx,Ky), defined modulo NΦ and related to the pseudo-
momenta via K˜x ≡ Kx 2pia and K˜y ≡ Ky 2pib .
One advantage of periodic boundary conditions is the
immediate and unique connection between particle-to-
flux ratio and filling factor ν, which characterizes the
system in the thermodynamic limit. In the absence of
holes, the filling factor is ν = Ne/NΦ. Charge-neutral
optical excitations shall not change this value, and there-
fore we generalize the definition of the filling factor in the
presence of Nh electron-hole pairs to:
ν =
Ne −Nh
NΦ
. (4)
At finite size, a system at a given Landau fill-
ing in the presence of a given number of electron-
hole pair excitations is described by the numbers
Ne, Nh, NΦ, and we denote its ith eigenstate at pseu-
domomenta K = (K˜x, K˜y) by
∣∣∣E(i)Ne,Nh,NΦ(Kx,Ky)〉,
where E
(i)
Ne,Nh,NΦ
(Kx,Ky) stands for the energy of this
state. For convenience, we also define an exciton oper-
ator X(kx, ky)
† which connects a state of Ne electrons
and Nh holes with a state of Ne + 1 electrons and Nh + 1
holes through addition of a pair at momentum (kx, ky).
The exciton operator is defined as
X(kx, ky)
† =
NΦ−1∑
j=0
ei2pijkx/NΦe†mod(j+ky,NΦ)h
†
j . (5)
If scattering into higher Landau levels is neglected, i.e. in
the limit of an infinitely strong magnetic field, X(kx, ky)
†
creates the exact vacuum excitations, i.e. the eigenstates
at Nh = Ne. We use the ground state at Nh = Ne =
1 to define the “pure” binding energy EX(NΦ, d) of an
exciton:
EX(NΦ, d) =
1
NΦ
∑
j,j′
〈vac|hj′ej′V e†jh†j |vac〉+
d
NΦ
=
= − 1
NΦ
∑
j,j′
V 0,0;0,0j′,j;j′,j(d) +
d
NΦ
< 0. (6)
In this expression, the term dNΦ accounts for the charg-
ing energy. In the thermodynamic limit, NΦ → ∞, the
exciton binding energy converges to
EX(d) = −A
∫
d2q
2pi
Vq exp
[−|q|2/2]
= −
√
pi/2 exp[d2/2]erfc[d/
√
2]. (7)
In contrast to the vacuum case, the exciton operator
X(kx, ky)
† does generally not produce exact eigenstates
when acting on a state at fractional fillings, i.e. for NΦ >
Ne > Nh. An exception occurs for overlapping conduc-
tion and valence bands, i.e. for d = 0. Within the LLL
approximation, the system then has a “hidden” particle-
hole symmetry21–23, which formally is expressed by the
commutator relation [V,X(0, 0)†] = EX(NΦ, 0)X(0, 0)†.
This relation demands the existence of “free” excitonic
states, created by X(0, 0)†. The energies of these exci-
tonic states are given by E
(i)
Ne,Nh,NΦ
(Kx,Ky)+EX(NΦ, 0).
Repeated application of X(0, 0)† creates states with
several free excitons, at energies E
(i)
Ne,Nh,NΦ
(Kx,Ky) +
nEX(NΦ, 0), with integer n. As these states lack any cor-
relations between the electron liquid and the additional
electron-hole pairs, they are also called “multiplicative
states”. A major goal of our numerics in the following
Section is to determine to which extent eigenstates at
finite d can be described in terms of such a multiplica-
tive construction, and how much the true eigenstates are
shifted from the energy levels of free excitons obtained
via the multiplicative construction. Specifically, if these
shifts scale non-linearly with the number of excitations
in the system, this establishes an effective interaction be-
tween pairs.
III. RESULTS
A. Optical excitation within the LLL
approximation
Within the dipole approximation, the amplitude for
optical interband transitions is proportional to the spa-
tial overlap between the electronic wave functions in the
two bands. This immediately leads to the selection rule
n,m ↔ n,m, that is, conservation of Landau level and
orbital quantum number32, and optical transitions are
described by the operator X†(0, 0), introduced in the pre-
vious section. As mentioned there, an optical excitation
obtained by acting with X†(0, 0) on an eigenstate of V
remains an eigenstates of V in particle-hole symmetric
systems (i.e. at d = 0). In Fig. 1(a), we have identi-
fied these “multiplicative states” within the full energy
spectrum of an electron liquid at filling at ν = 1/3 in the
presence of one electron-hole pair. In the absence of such
a pair, the ν = 1/3 electron system is a strongly gapped
incompressible liquid. Its ground state at K = 0 is well
described by Laughlin’s wave function, and the lowest
4FIG. 1: Energy spectra with one electron-hole pair. At Landau filling factors ν = 1/3 (a,b) and ν = 1/5 (c), we plot the
energy spectra in the presence of one electron-hole pair for different system sizes (i.e. different electron numbers Ne). In (a,c),
we have chosen spatially overlapping conduction and valence bands (d = 0), whereas (b) has separated bands. In all plots, the
LLL approximation is assumed. We use the lowest multiplicative state at K = 0 as an energy reference at each system size. In
(a), the multiplicative magnetoroton states are plotted in red. In (b), the dashed lines between the lowest two states indicate
the transition from infinite to finite positive effective exciton mass upon increasing the distance d.
(bulk) excitations are density modulations forming the
magneto-roton branch, with a minimum at |K|lB ≈ pi/2.
The multiplicative state originating from the Laugh-
lin state, at K = 0 and ∆E = 0 (i.e. this state has been
used as an energy offset in the plot), remains energetically
separated from the bulk. In contrast, the multiplicative
states originating from the magnetoroton branch, drawn
in red in Fig. 1(a), are surrounded by many other energy
levels. There is a well-defined excitation branch which
connects the multiplicative Laughlin state with the bulk
energy levels. Interestingly, this branch is found to be
non-monotonic, with a global minimum at KlB ≈ pi/6.
In Ref. 28, the states along this branch have been in-
terpreted as charged complexes, but we note that the
electron-hole correlation function does not show any ac-
cumulation of electrons in the vicinity of the hole, as
compared to the neutral exciton state. Moreover, as seen
from Table I, these states can be modeled with reason-
ably good fidelity F (k = K) by acting with X(k)† from
Eq. (5) onto the Laughlin ground state.
These large fidelities indicate that the electronic corre-
lations of the topological liquid are maintained by the op-
tically excited system, supporting the notion of a dressed
exciton branch. Also, from the electron-hole pair corre-
lation function of these states we find that a single elec-
tronic charge is bound by the hole at both zero and finite
momentum. However, as opposed to the case of a K = 0
exciton, the charge distribution around the hole is not
spherical-symmetric at finite momentum. In fact, these
NΦ deh F (0, 0) F (1, 0) = F (0, 1) F (1, 1) F (2, 0) = F (0, 2)
15 0 1 0.8537 0.7656 0.6503
15 0.5 0.9993 0.8776 0.8051 0.5526
18 0 1 0.8679 0.7864 0.6368
18 0.5 0.9993 0.8883 0.8242 0.7021
21 0 1 0.8784 0.8036 0.6785
21 0.5 0.9992 0.8982 0.8387 0.7328
TABLE I: For different momenta (kx, ky), we list the fideli-
ties F (kx, ky) = |〈E(1)N+1,1,3N |X†(kx, ky)|E(1)N,0,3N 〉| of the mul-
tiplicative construction. The given numbers refer to filling
factor ν = 1/3, at zero and at finite separation d between
electron and hole layers. Notably, the fidelity of the construc-
tion increases with system size.
observations suggest to interpret the finite-momentum
ground states as exciton-polarons33–35.
The non-monotonic behavior of this exciton-polaron
branch renders the band’s effective mass negative. This
rather strange behavior is cured when electron and hole
layers are at a finite distance d, as shown in Fig. 1(b). At
d ≈ 0.5lB , the branch becomes monotonic. At this layer
separation, the effective mass is infinite, as indicated by
the horizontal black-dotted line in Fig. 1(b). For larger
d, the effective mass becomes positive, cf. the red-dotted
line in the plot. The (quasi-)multiplicative Laughlin state
is then the true ground state of ν = 1/3 liquid in the
presence of one electron-hole pair. Here, we have put
5the attribute “quasi” in parenthesis, because the K = 0
state, while not being exactly the multiplicative state
at finite d, stills has extremely large overlap with the
multiplicative state (> 0.999 at d = 0.5, cf. Table I).
Anticipating a result from Sec. III C, we note that also
Landau level mixing leads to positive effective exciton
masses for any reasonable magnetic field strength.
In Fig. 1(c), we show the spectrum of a system at
ν = 1/5. As seen from Fig. 2(a), at the given system
size the pure electron system at ν = 1/5 lacks a gap,
in stark contrast to ν = 1/3. In this context, we note
that the ν = 1/5 Laughlin state, which is supported by
a strong V3 pseudopotential and which in the thermody-
namic limit of a Coulombic system is known to melt the
surrounding crystallized phase36, does not appear as a
gapped ground state in finite-size studies37. The spec-
trum in Fig. 1(c) exhibits a large number of states at
∆E < 0 found at all momenta (including K = 0). As
before, energies are measured from an offset defined by
the energy of the multiplicative K = 0 state. This find-
ing demonstrates that in this gapless and/or compressible
scenario the optically generated exciton will energetically
be less favorable than for the incompressible liquid at
ν = 1/3. We have checked that this holds true both for
d = 0 (shown in the plot), and at finite d (not shown).
B. Exciton-exciton interactions
We further investigate the effect of compressibility (or
“gaplessness”) of the electron liquid on the behavior of
multiple pair excitations. In recent four-wave mixing
experiments20, a quantum Hall system within an optical
cavity has shown enhanced interactions between exciton-
polaritons at certain filling factors which corresponded to
incompressible liquid phases (in particular at ν = 2/5).
However, at other filling factors, including ν = 1/3 corre-
sponding to the incompressible Laughlin liquid, no such
effect has been seen. The mechanisms behind the en-
hancement remain unknown, and whether incompress-
ibility generally leads to enhanced nonlinearities is an
open question.
In our numerical approach towards this question, we
first collect a hint for incompressibility of the pure elec-
tron liquid by looking at the weighted energy gap ∆0/∆av
at different filling factors. The weighting is over the aver-
age level spacing ∆av at the given filling. The results are
shown in Fig. 2(a): For the chosen system size (Nφ = 15),
incompressible behavior occurs at ν = 1/3 and ν = 2/5,
in agreement with prominent fractional quantum Hall
plateaux. Next, we analyzed the spectral rank of the
first and the second quasi-multiplicative states, i.e. of
those states which are obtained by acting once or twice
with X†(0, 0) on the ground state of the liquid. The re-
sults are also presented in Fig. 2(a): We find that only
for the incompressible liquids (i.e. only at ν = 1/3 and
ν = 2/5) the ground state with one pair is given by the
quasi-multiplicative state. Only for the Laughlin state
(ν = 1/3), this is also true in the presence of a second
pair. On the other hand, for all compressible liquids,
the quasi-multiplicative state are always excited states.
This generalizes our observation already made in the pre-
vious subsection in the context of the energy spectrum
at ν = 1/5: Incompressibility of a liquid energetically fa-
vors the multiplicative construction as compared to other
states. On the other hand, compressible liquids are able
to find energetically more favorable ways to accommo-
date for electron-hole pairs than the formation of mul-
tiplicative excitonic complexes, e.g. through enhanced
screening via polaron formation.
Nevertheless, we continue our investigation by focusing
on the energetic behavior of quasi-multiplicative states.
This focus on quasi-multiplicative states is motivated by
the important role of these states within optical setups.
Specifically, we have evaluated the binding energy EX of
the first and second multiplicative exciton. At d = 0 and
within the LLL approximation, as demanded by the hid-
den symmetry, the binding energy is independent from
the number of electrons in the system, see Fig. 2(b).
However, at finite d, the binding energy is lowered due to
the spatial separation between electron and hole. Since
the exciton’s finite dipole moment now allows for an ef-
fective interactions with the liquid, the binding energy
becomes dependent on the filling factor (i.e. the density
of the liquid). This interaction is found to be attractive,
and thus leads to a monotonic increase of the binding en-
ergy with the density. We can quantify this exciton-liquid
interaction by considering the difference to the binding
energy of an exciton in the vacuum, as done in Fig. 2(c).
This plot also shows that the exciton-liquid interaction is
independent from the system size. In both Fig. 2(b) and
Fig. 2(c), we observe a mismatch of the binding energy
for the first and the second exciton. This is a measure for
an effective exciton-exciton interaction. This interaction
is found to be repulsive, which naturally leads to a de-
cay of interaction shifts with increasing system size, see
Fig. 2(c). On the other hand we note that the energy at-
tributed to the exciton-exciton interaction is independent
from the filling factor.
One may speculate whether the quasi-multiplicative
excitonic states are actually the right choice for deter-
mining the amount of exciton-exciton scattering. As dis-
cussed earlier, these states tend not to be ground state. If
binding energies are calculated based on energy difference
between the true ground states (with 0,1,2 electron-hole
pairs), quite a different picture is obtained. Specifically,
the binding energy difference between the first and sec-
ond pair then depends of the filling factor, and it can even
change its sign. While most filling fractions still yield re-
pulsive exciton-exciton interactions, an energy shift cor-
responding to attractive interactions is found at ν = 2/5.
This can be understood in the following way: From the
spectral rank of the multiplicative states, plotted in Fig.
1(a), we know that the ground state with one pair is
a multiplicative state, whereas the second electron-hole
pair is able to break the incompressibility of the liquid.
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FIG. 2: Exciton-exciton interactions. (a) In blue: The energy gap ∆0 of a pure electron liquid (Nh = 0), weighted by the
average level spacing ∆av, is plotted as a function filling factor, i.e. as a function of Ne at fixed NΦ = 15. Large gaps at Ne = 5
and Ne = 6 indicate incompressible behavior at fillings ν = 1/3 and ν = 2/5. In red: The spectral rank (at K = 0) of the
quasi-multiplicative states with one and two electron-hole pairs is plotted. Only at ν = 1/3 and ν = 2/5, the first multiplicative
state (i.e. the multiplicative state with one pair) is ground state (spectral rank 0). The second multiplicative state for two
pairs is the lowest-energy state only for ν = 1/3. (b,c) We plot the binding energy EX of the exciton in the first and the second
multiplicative state as a function of filling factor (b), or system size (c). At d > 0, different binding energies for the first and
the second exciton indicate effective repulsive exciton-exciton interactions. These interactions turn out to be independent of
the filling factor, and decreasing with system size. Compared to an exciton in the vacuum, see (c), |EX | is increased by an
attractive interaction between exciton and the electronic liquid. (d) At different filling factors, we plot the frequency-resolved
photoluminescence signal (measured as distance ∆ω from the bandgap), assuming decay of the first or the second electron-hole
pair. The distance between the peaks for the first and the second decay corresponds to the exciton-exciton interaction, and
agrees with the values determined in panels (c,d) from the energies of the quasi-multiplicative states. This shows that the
quasi-multiplicative states are the relevant states to determine the optical nonlinearities. The emission spectra are evaluated
at an inverse temperature β = 100 e
2
lB
. This roughly corresponds to 2 K, if we choose a magnetic field B = 10 T and dielectric
constant d = 12.9 as for GaAs.
This results in a lowering of energy, as compared to the
energy of a second multiplicative exciton. If this lower-
ing of energy is accounted for as an effective increase of
the binding energy for the second pair, the second pair
appears to be stronger bound than the first one.
At this point, we are confronted with the question
whether the excitonic states seen in optical experiments
are described by the (quasi-)multiplicative states or by
the state which accommodates for the electron-hole pair
in the energetically most favorable way (i.e. the ground
state). A figure of merit which answers this question
in favor of the multiplicative state is the photolumines-
cence signal. Our quantitative photoluminescence model,
which is further described in the appendix B, assumes
the decay from a thermal distribution over all states (in-
cluding those at finite momentum), but with the number
of optical excitations in the system being fixed. From
this, we then obtain the frequency-resolved photolumi-
nescence intensity shown in Fig. 2(d) at different values
for ν. In our calculation, we independently consider two
decay processes: One decay happens from a thermal state
with one electron-hole pair, while the other process as-
sumes a decay from a thermal state with two pairs. The
relative shift of the two signals quantifies the interactions
of bright excitons, and we obtain (for d = 0.5) exactly the
same result as we did before in Fig. 2(c,d) by considering
the energy of the multiplicative states.
As a side remark, we notice that, at d = 0.5 and for in-
compressible fillings, almost no fine structure appears in
the photoluminescence spectrum of a single decay chan-
7FIG. 3: Landau level mixing. (a) Energy spectrum at
ν = 1/3 in the presence of one electron-hole pair, taking into
account Landau level mixing within the valence band. The
chosen mixing parameter κ+ = 2.5 corresponds roughly to
B = 50T in GaAs, a field strength at which Landau level mix-
ing in the conduction band can safely be neglected. (b) En-
ergy difference between the lowest state at (Kx,Ky) = (1, 0)
and (Kx,Ky) = (0, 0) as a function of the mixing parame-
ter κ+. For 1/κ+ < 7 (or B < 13kT in GaAs), the system
enters in a phase with E(K = 1) − E(K = 0) < 0, i.e. the
effective mass meff becomes negative. (c) Convergence of the
two lowest eigenvalues at K = 0 and K = 1 as a function
of the number of valence band Landau levels which are taken
into account. For the chosen mixing parameter, κ+ = 2.5,
the error is kept below one percent when at least four Landau
levels are taken into account. For the results in (a) and (b),
we have considered six Landau levels.
nel. However, the combined measurement of different
decay channels should exhibit some fine structure due to
excitonic nonlinearities. Indeed, a splitting of the photo-
luminescence line has been observed in Ref. 10, and has
been attributed to fractionally charged excitons. We note
that the observed doublet splitting of about 0.4 meV is of
the same order of magnitude as the excitonic nonlinearity
within our theoretical model.
C. Optical excitation with Landau level mixing
The accuracy of the Landau level approximation made
so far in this paper is controlled by the Landau level
mixing parameter κ±, the ratio of Coulomb energy versus
Landau level spacing:
κ± ≡ e
2
~ω±BlB
, (8)
with ± distinguishing between valence and conduction
band. Since lB ∼ B−1/2, and ω±B ∼ B, Landau level
mixing tends to zero for large B, κ± ∼ B−1/2. How-
ever, even under an extremely strong magnetic field, e.g.
B = 50 T, the lowest Landau level approximation turns
out to be not well justified for holes in GaAs, κ+ = 2.4,
due to the holes’ large effective mass, m+eff ≈ 0.45 m0. In
contrast, the light effective mass of conduction band elec-
trons, m−eff = 0.067 m0, makes the lowest Landau level
approximation quite a safe approximation for electrons,
κ− = 0.35. As a function of the magnetic field, we get
κ− = 2.5/
√
B[T] and κ+ = 16.7/
√
B[T], where B[T]
denotes the magnetic field strength in Tesla.
In the present section we will go beyond the LLL ap-
proximation. Quantitative improvements to a single Lan-
dau level approximation are possible by taking into ac-
count other Landau levels only virtually within a pertur-
bative expansion38,39. However, this approach usually
involves a decomposition of the Coulomb potential into
pseudopotentials, which strongly affects the eigenvalues
(in contrast to the rather weak effect of pseudopotential
decomposition onto eigenstates). Alternatively, it is pos-
sible go beyond the single Landau level approximation by
considering a Hilbert space which is increased by a finite
amount of Landau level excitations40. The latter strat-
egy is particularly well suited for our system of interest,
as we may assume that Landau level mixing is restricted
to the minority carriers (i.e. the holes). Accordingly, we
will consider the case of Ne electrons within the LLL, and
a single hole, Nh = 1, for which a finite number > 1 of
Landau levels is admitted. Then, the Hilbert space di-
mension scales linearly with the number of Landau levels
in the valence band, which allows us to take into account
as many levels as needed for convergence.
Qualitatively, the main effect of Landau level mix-
ing is to destroy the hidden symmetry [V,X(0, 0)†] =
EXX(0, 0)
†. It is not surprising that also the quantita-
tive consequences of Landau level mixing are similar to
the ones of a finite electron-hole separation, which breaks
the hidden symmetry as well. Specifically, from the en-
ergy spectrum at ν = 1/3 plotted in Fig. 3(a), we see that
the ground state is shifted to K = 0, in contrast to the
finite-momentum ground state of the particle-hole sym-
metric system in Fig. 1(a). As shown in Fig. 3(b), the
transition from the K = 0 ground state into the finite-K
ground state occurs for 1/κ+ > 7 (i.e. for a gigantic field
strength of B > 13kT in GaAs). Thus, the scenario of
an exciton negative effective masses is irrelevant from the
experimental point of view.
The lowering of energy due to Landau level mixing
in the valence band can be interpreted as an effective
interaction between the exciton and the electron liquid.
In fact, in the absence of a liquid, i.e. for an exciton on
top of the vacuum, the ground state energy is not affect
by Landau level mixing in the valence band. Even for
κ+ →∞, no Landau level mixing occurs in the excitonic
ground state, as long as κ− = 0 is kept at zero.
Fig. 3(c) allows to estimate the amount of Landau
8levels which need to be taken into account to accurately
describe the system at the given mixing parameter κ+ =
2.5. It is seen that the relative error in the eigenenergies
is kept below 0.01 when at least four Landau levels are
taken into account.
IV. SUMMARY
We have studied two-dimensional electron liquids in
the quantum Hall regime in the presence of electron-hole
pairs. Electron-hole pairs can be generated optically, and
can be used as a tool to probe the system, or to engineer
photonic nonlinearities through the formation of exciton-
polaritons. However, as our numerical work shows, mul-
tiplicative exciton states in which the electron-hole pair
does not modify the correlations of the electronic liquid
are not the energetically most favorable configurations at
generic Landau filling factors, in particular those which
correspond to compressible phases. Nevertheless, due to
their large oscillator strength, these multiplicative exci-
ton states are the most relevant states for optical exper-
iments, and we have explicitly shown that the decay of
these multiplicative states dominates the luminescence
spectra. We also note that, if the system is embedded
in an optical cavity, the large oscillator strength of these
states causes a large AC Stark shift, which will make the
exciton-polariton described by these states the ground
state of the system.
From these perspectives, it seems justified to determine
the strength of excitonic nonlinearities from the energy
difference between quasi-multiplicative states with one
and two excitons. In this way, we find a repulsive inter-
action between excitons, but the strength of these inter-
actions shows no dependence on the filling factor. This
result disagrees with recent experimental observations20
where some incompressible phases exhibit enhanced non-
linearities. This discrepancy may be due to the ide-
alizations of our theoretical model in which we assume
full spin polarization and disregard Landau level mixing.
To be justified, these assumptions would require a very
strong magnetic field.
In this context, let us also emphasize the qualitative
differences which we have obtained at zero layer separa-
tion (d = 0) within and beyond the lowest Landau level
approximation at filling ν = 1/3: Within the lowest Lan-
dau level approximation, the system exhibits a ground
state at finite momentum, but Landau level mixing of
the valence band hole leads to a zero momentum ground
state. The finite-momentum ground state corresponds
to an exciton with a negative effective mass. Finally, we
note that excitonic nonlinearities might also be the cause
for the broadening and/or splitting of luminescence line.
In fact, the strength of the non-linearity between quasi-
multiplicative states (obtained within the lowest Landau
level approximation, but assuming a finite layer separa-
tion on the order of a few nm), is of the same order of
magnitude as the splitting of the photoluminescence line
seen experimentally10.
Acknowledgments
The authors acknowledge discussions with Sina
Zeytinoglu. TG acknowledges financial support from
a fellowship granted by la Caixa Foundation (ID
100010434, fellowship code LCF/BQ/PI19/11690013), as
well as funding from the Spanish Ministry MINECO (Na-
tional Plan 15 Grant: FISICATEAMO No. FIS2016-
79508-P, SEVERO OCHOA No. SEV-2015-0522, FPI),
European Social Fund, Fundacio´ Cellex, Generalitat
de Catalunya (AGAUR Grant No. 2017 SGR 1341
and CERCA/Program), ERC AdG NOQIA, EU FET-
PRO QUIC, and the National Science Centre, Poland-
Symfonia Grant No. 2016/20/W/ST4/00314. MH ac-
knowledges financial support from AFOSR FA9550-16-
1-0323, and NSF Physics Frontier Center at the Joint
Quantum Institute.
Appendix A: Exact diagonalization study
In the following, we append some details regarding our
description of the system and its numerical treatment.
We have considered a truly two-dimensional electron-
hole system in the Landau gauge with periodic bound-
ary conditions. Here, we provide explicit expressions for
the single-particle wave functions and the corresponding
interaction matrix elements. Moreover, we discuss sym-
metries of the system.
1. Single-particle wave functions
In a gauge potential A ∼ (0, x), the single-particle
wave functions are plane waves along y-direction, and
eigenstates of a harmonic oscillator along x. The ground
state level of the harmonic oscillator, given by a Gaussian
exp(− 12x2), defines the lowest Landau level, while excited
oscillator levels, obtained by multiplying the Gaussian
with Hermite polynomials Hn(x), yield the nth Landau
level. The levels are equidistantly separated by a Landau
level gap ~ω±B ≡ ~eB/m±eff , with m±eff being the effective
masses of the positively and the negatively charged car-
riers. In each Landau level, there are NΦ choices of a
guiding center of the harmonic oscillator, Xj =
ja
NΦ
, with
j ∈ {0, . . . , NΦ− 1}. As the gauge potentials couples the
x-coordinate to the momentum in y-direction, the guid-
ing center also fixes the wavenumber of the plane wave.
Periodicity in x-direction is obtained by summing over a
periodic arrangement of guiding centers Xj+ka, with the
summation in k running from −∞ to∞. It is convenient
to normalize length scales through the magnetic length,
and account for the geometry of the system by a param-
eter ξ ≡ a/b. With this, Xj =
√
2piNΦξ
j
NΦ
≡ α jNΦ , and
9the normalized wave functions can be written as41:
ϕn,j(x, y) =
(
ξ
2pi2NΦ
)1/4 ∞∑
k=−∞
exp
[
iyα
(
j
NΦ
+ k
)]
×
exp
[
−1
2
(
x− α
(
j
NΦ
+ k
))2]
×
Hn
[
x− α
(
j
NΦ
+ k
)]
. (A1)
This wavefunction describes an electron in the nth Lan-
dau level. The quantum number j quantifies its momen-
tum in y-direction, ky = j
√
2piξ
NΦ
(in units l−1B ).
2. Interaction matrix elements
Coulombic interactions occur between electrons and
holes, but also with the nuclei, and, due to our choice
of periodic boundaries, with mirror charges of each car-
rier. The latter can be neglected, since they only lead
to a constant shift of all energy levels at a given torus
ratio and given filling factor. The presence of nuclei
make the system charge-neutral, and provide a homo-
geneous background potential given by Ne −Nh positive
charges. For convenience, we consider Ne positive back-
ground charges in the electronic layer, and Nh negative
background charges in the hole layer, such that interac-
tions with the background cancel the q = 0 contribution
of the carriers’ Coulomb potential, which would lead to
divergent terms in the Fourier sums. As mentioned in
the main text, this model does not take into account the
fact that charge neutrality is only present in the system
as a whole, and thus, for electrons and holes, we need
to consider an additional charging energy. This energy
contribution is given by Eq. (2).
In the following, we will evaluate the interaction matrix
elements for the interactions between the carriers. The
Fourier transform of the Coulomb potential reads
Vd(r) = ±2pi
A
e2

∑
q
eiq·r
|q| e
−|q|d,
where q is the in-plane wave vector. For d = 0 and with
the positive sign, the potential describes electron-electron
interactions or hole-hole interactions, i.e repulsive inter-
actions within a layer. For finite d and with negative
sign, the expression describes the electron-hole interac-
tions, i.e. attractive interactions of opposite charge car-
riers confined to two layers separated by d.
The interaction matrix is given in Eq. (3), with inter-
action matrix elements defined as
V n1,n2;n3,n4j1,j2;j3,j4 (d) =
2pi
A
e2

∑
q 6=0
1
|q| 〈n1, j1|e
iq·r|n4, j4〉×
〈n2, j2|e−iq·r|n3, j3〉e−|q|d. (A2)
The position operator r = R + δr can be decomposed
into a guiding center R and a Landau orbit δr, cf. Ref.
42. The guiding center is independent from the Landau
level, and the corresponding matrix element can be eval-
uated in the lowest Landau level: 〈n1, j1|eiq·R|n4, j4〉 =
〈0, j1|eiq·R|0, j4〉:
〈0, j1|eiq·R|0, j4〉 =
∞∑
∆=−∞
e−
1
4 (q
2
x+q
2
y)eipis(j1+j4+NΦ∆)×
δt+j1−j4,NΦ∆. (A3)
Here, s and t parametrize the quantized wavevector
(qx, qy) =
(
s
√
2pi
NΦξ
, t,
√
2piξ
NΦ
)
.
The contribution from the Landau orbits is
Cn1,n4(qx, qy) ≡ 〈n1|ei(qxδx+qyδy)|n4〉. To evaluate
this, we note that the Landau orbits are related to the
dynamical momentum Pj = i~∂j + eAj :
δx = − 1
eB
Py and δy =
1
eB
Px.
These operators directly yield the Landau level raising
and lowering operators:
aˆ† =
ilB√
2~
(Px + iPy) and aˆ =
−ilB√
2~
(Px − iPy).
Thus, with q ≡ qx − iqy, we can write qxδx +
qyδy =
lB√
2
(qaˆ + q∗aˆ†). Therefore, Cn1,n4(qx, qy) =
〈n1|eiqaˆ/
√
2eiq
∗aˆ†/
√
2|n4〉. For n1 ≥ n4, we get
Cn1,n4(qx, qy) =
√
n4!
n1!
(
iqlB√
2
)n1−n4
Ln1−n4n4
(
(q2x + q
2
y)l
2
B
2
)
(A4)
For n1 < n4, we use the relation Cn1,n4(qx, qy) =
Cn4,n1(−qx,−qy)∗.
The interaction matrix elements are given by
V n1,n2;n3,n4j1,j2;j3,j4 (d) =
1
NΦ
e2

δ′j1+j2,j3+j4
∑
q6=0
e−|q|d
|q| ×
Cn1,n4(qx, qy)Cn2,n3(−qx,−qy)×
δ′j1−j4,te
2piis(j1−j3)e−
1
2 (q
2
x+q
2
y) (A5)
The primed Kronecker symbols δ′ are to be taken modulo
NΦ.
Within the lowest Landau level approximation, all
Landau level indices ni can be set to zero, and the in-
teraction matrix elements reduce to
V 0,0;0,0j1,j2;j3,j4(d) =
1
NΦ
e2

δ′j1+j2,j3+j4
∑
q6=0
e−|q|d
|q| ×
δ′j1−j4,te
2piis(j1−j3)e−
1
2 (q
2
x+q
2
y). (A6)
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3. Many-body basis and symmetries
In finite-size studies, the full Hilbert space is character-
ized by Ne, Nh, and NΦ. It becomes of finite dimension
by assuming that only a finite number of Landau levels is
relevant, and often, we even assume that the Landau level
degrees of freedom are completely frozen (lowest Landau
level approximation). A many-body state is described
by identifying the occupied single-particle states, i.e. by
(je1, . . . , j
e
Ne
; jh1 , . . . , j
h
Nh
) under the LLL assumption.
To diagonalize the Hamiltonian, we can greatly benefit
from symmetries of the system. In the Landau gauge, the
Hamiltonian is symmetric under (magnetic) translations.
As seen already for the single-particle solutions, choos-
ing the vector potential to be in the Landau gauge im-
mediately leads to a conserved y-momentum. The Fock
states are eigenstates of translation along y, and their y-
momentum is obtained by summing the quantum num-
bers j of occupied single-particle orbitals:
Ky = mod
(
Ne∑
i=1
jei −
Nh∑
i=1
jhi , NΦ
)
. (A7)
The finite size of the system leads to equivalence be-
tween values Ky differing by NΦ, so here we choose
Ky ∈ [0, NΦ − 1]. We note that Ky is defined as an
integer-valued quantum number, which corresponds to
momentum K˜y ≡ Ky 2pib .
To exploit the full translational symmetry31, we need
to construct a basis of eigenstates under magnetic trans-
lations also along the x-axis. For a filling factor ν = p/q,
with p, q co-prime integers, we may consider the follow-
ing set of Fock states: |f0〉 ≡ (je1, . . . , jeNe ; jh1 , . . . , jhNh),
|f1〉 ≡ (je1 + q, . . . , jeNe + q; jh1 + q, . . . , jhNh + q), |f2〉 ≡
(je1 + 2q, . . . , j
e
Ne
+ 2q; jh1 + 2q, . . . , j
h
Nh
+ 2q) . . . , all of
which are at the same momentum Ky. Invariant mag-
netic translations along x are those which transform
each member of this set into another member of the
same set. Thus, eigenstates of these x-translations
are constructed as a superposition of the |fi〉, given
by
∑
r exp(i[2pi/(NΦ/q)]Kxr) |fr〉. The integer Kx ∈
[0, NΦ/q − 1] is recognized as a quantum number cor-
responding to pseudomomentum along x, K˜x = Kx
2pi
a .
Using this construction, we divide the Hilbert space
into blocks characterized by (Kx,Ky). Additional sym-
metries leads to the equivalence between certain blocks:
Obviously, the system is invariant under center-of-mass
(COM) translations. A COM translation along x shifts
the orbital of each carrier by some integer value ∆: j →
j+∆. This transformation changes the momentum Ky of
a many-body state to Ky + ∆(Ne−Nh) ≡ Ky + ∆NΦ/q.
Thus, each Fock state at Ky is related to q−1 other Fock
states at Ky + ∆NΦ/q, with ∆ = 1, . . . , q − 1. Due to
this equivalence between certain Ky-sectors, we can re-
strict our study to a reduced Brillouin zone, where both
Kx and Ky are restricted to [0, NΦ/q − 1]. The Bril-
louin zone can further be reduced due to reflection sym-
metry and, for a square system, C4 symmetry. Reflec-
tion symmetries lead to degenerate spectra at Kx and
−Kx ≡ Ne − Nh − Kx = NΦ/q − Kx, and Ky and
−Ky ≡ NΦ/q−Ky. The C4-symmetry leads to degenera-
cies between (Kx,Ky) and (Ky,Kx). For completeness,
let us note that, if NΦ/q is even, there are two points
(Kx,Ky) = (0, 0) and (Kx,Ky) = (NΦ/2q,NΦ/2q) which
are mapped onto themselves under reflection. We choose
the origin of the Brillouin zone [i.e. the point (Kx,Ky) =
(0, 0)] in the sector of lower ground state energy, and, if
needed, accordingly shift all pseudomomenta.
Appendix B: Photoluminescence
The recombination of a ⇓ (⇑) heavy hole and a ↑ (↓)
electron leads to emission of σ−-polarized (σ+-polarized)
light. Within the dipole approximation, the envelope
function of the electron/hole remains unchanged during
a transition32, and the luminescence operator is given by
L =
∑
m emhm, cf. Refs. 22,24,28. If an electron and a
hole recombine in a system of Ne electrons and Nh holes,
the resulting emission spectrum is given by
INe,Nh(∆ω) =
∑
i,f
δ(~∆ω + E(f)Ne−1,Nh−1 − E
(i)
Ne,Nh
)×
P
(i)
Ne,Nh
(β)
∣∣∣〈E(f)Ne−1,Nh−1∣∣∣L ∣∣∣E(i)Ne,Nh〉∣∣∣2 .
(B1)
The argument of this function, ∆ω, is the difference
of the photon frequency ωph to the bandgap frequency
ωbg: ωph = ωbg + ∆ω. The sum on the right-
hand side of Eq. (B1) is over all states i in the
initial Hilbert space (i.e. before recombination), and
all states f in the final Hilbert space (i.e. after re-
combination). By P
(i)
Ne,Nh
(β), we denote the ther-
mal occupation of the initial states at an inverse tem-
perature β: P
(i)
Ne,Nh
(β) = exp(−βE(i)Ne,Nh)/ZNe,Nh(β)
with ZNe,Nh(β) =
∑
i exp(−βE(i)Ne,Nh). We note
that, by assuming translational invariance or, equiva-
lently, by neglecting disorder, transition matrix elements∣∣∣〈E(f)Ne−1,Nh−1∣∣∣L ∣∣∣E(i)Ne,Nh〉∣∣∣ are zero, if initial and final
state have different pseudomomenta. That is, by ne-
glecting disorder we only account for direct interband
transitions.
The photoluminescence spectrum is trivial if the model
is particle-hole symmetric, that is for zero distance be-
tween electrons and holes, d = 0, and within LLL
approximation21,22. In this limit, [H,L] = EXL, and
only the multiplicative states contribute to the emission
spectrum with a resonance energy given by EX < 0, in-
dependent from the electronic correlations. The photoe-
mission spectrum reduces to a single line. Non-trivial
structure may only emerge when the hidden symmetry is
broken (finite d or Landau level mixing). As a technical
remark, we note that we have artificially smoothened the
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spectral intensity in Fig. 2(d) by replacing the Kronecker-
δ in Eq. (B1) by a Gaussian of width σ = 5× 10−3 e2lB .
1 K. v. Klitzing, G. Dorda, and M. Pepper, Phys. Rev.
Lett. 45, 494 (1980), URL https://link.aps.org/doi/
10.1103/PhysRevLett.45.494.
2 D. C. Tsui, H. L. Stormer, and A. C. Gossard, Phys. Rev.
Lett. 48, 1559 (1982), URL https://link.aps.org/doi/
10.1103/PhysRevLett.48.1559.
3 D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. den Nijs, Phys. Rev. Lett. 49, 405 (1982), URL https:
//link.aps.org/doi/10.1103/PhysRevLett.49.405.
4 R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983), URL
https://link.aps.org/doi/10.1103/PhysRevLett.50.
1395.
5 D. Heiman, B. B. Goldberg, A. Pinczuk, C. W. Tu,
A. C. Gossard, and J. H. English, Phys. Rev. Lett. 61,
605 (1988), URL https://link.aps.org/doi/10.1103/
PhysRevLett.61.605.
6 A. J. Turberfield, S. R. Haynes, P. A. Wright, R. A. Ford,
R. G. Clark, J. F. Ryan, J. J. Harris, and C. T. Foxon,
Phys. Rev. Lett. 65, 637 (1990), URL https://link.aps.
org/doi/10.1103/PhysRevLett.65.637.
7 B. B. Goldberg, D. Heiman, A. Pinczuk, L. Pfeiffer, and
K. West, Phys. Rev. Lett. 65, 641 (1990), URL https:
//link.aps.org/doi/10.1103/PhysRevLett.65.641.
8 H. Buhmann, W. Joss, K. von Klitzing, I. V. Kukushkin,
G. Martinez, A. S. Plaut, K. Ploog, and V. B. Timofeev,
Phys. Rev. Lett. 65, 1056 (1990), URL https://link.
aps.org/doi/10.1103/PhysRevLett.65.1056.
9 G. Yusa, H. Shtrikman, and I. Bar-Joseph, Phys. Rev.
Lett. 87, 216402 (2001), URL https://link.aps.org/
doi/10.1103/PhysRevLett.87.216402.
10 M. Byszewski, B. Chwalisz, D. K. Maude, M. L. Sadowski,
M. Potemski, T. Saku, Y. Hirayama, S. Studenikin, D. G.
Austing, A. S. Sachrajda, et al., Nat. Phys. 2, 239 EP
(2006), URL http://dx.doi.org/10.1038/nphys273.
11 S. Nomura, M. Yamaguchi, H. Tamura, T. Akazaki, Y. Hi-
rayama, M. Korkusinski, and P. Hawrylak, Phys. Rev. B
89, 115317 (2014), URL https://link.aps.org/doi/10.
1103/PhysRevB.89.115317.
12 A. Pinczuk, B. S. Dennis, L. N. Pfeiffer, and K. West, Phys.
Rev. Lett. 70, 3983 (1993), URL https://link.aps.org/
doi/10.1103/PhysRevLett.70.3983.
13 Y. Gallais, J. Yan, A. Pinczuk, L. N. Pfeiffer, and K. W.
West, Phys. Rev. Lett. 100, 086806 (2008), URL https:
//link.aps.org/doi/10.1103/PhysRevLett.100.086806.
14 A. L. Levy, U. Wurstbauer, Y. Y. Kuznetsova, A. Pinczuk,
L. N. Pfeiffer, K. W. West, M. J. Manfra, G. C.
Gardner, and J. D. Watson, Phys. Rev. Lett. 116,
016801 (2016), URL https://link.aps.org/doi/10.
1103/PhysRevLett.116.016801.
15 J. G. Groshaus, V. Umansky, H. Shtrikman, Y. Levin-
son, and I. Bar-Joseph, Phys. Rev. Lett. 93, 096802
(2004), URL https://link.aps.org/doi/10.1103/
PhysRevLett.93.096802.
16 J. G. Groshaus, P. Plochocka-Polack, M. Rappaport,
V. Umansky, I. Bar-Joseph, B. S. Dennis, L. N. Pfeiffer,
K. W. West, Y. Gallais, and A. Pinczuk, Phys. Rev. Lett.
98, 156803 (2007), URL https://link.aps.org/doi/10.
1103/PhysRevLett.98.156803.
17 P. Plochocka, J. M. Schneider, D. K. Maude, M. Potem-
ski, M. Rappaport, V. Umansky, I. Bar-Joseph, J. G.
Groshaus, Y. Gallais, and A. Pinczuk, Phys. Rev. Lett.
102, 126806 (2009), URL https://link.aps.org/doi/
10.1103/PhysRevLett.102.126806.
18 S. Smolka, W. Wuester, F. Haupt, S. Faelt, W. Wegschei-
der, and A. Imamoglu, Science 346, 332 (2014),
ISSN 0036-8075, URL http://science.sciencemag.org/
content/346/6207/332.
19 S. Ravets, P. Knu¨ppel, S. Faelt, O. Cotlet, M. Kro-
ner, W. Wegscheider, and A. Imamoglu, Phys. Rev. Lett.
120, 057401 (2018), URL https://link.aps.org/doi/
10.1103/PhysRevLett.120.057401.
20 P. Knu¨ppel, S. Ravets, S. Fa¨lt, W. Wegscheider, and
A. Imamoglu, Nature 572, 91 (2019), URL https://doi.
org/10.1038/s41586-019-1356-3.
21 A. H. MacDonald and E. H. Rezayi, Phys. Rev. B 42,
3224 (1990), URL https://link.aps.org/doi/10.1103/
PhysRevB.42.3224.
22 A. H. MacDonald, E. H. Rezayi, and D. Keller, Phys. Rev.
Lett. 68, 1939 (1992), URL https://link.aps.org/doi/
10.1103/PhysRevLett.68.1939.
23 V. M. Apalkov and E. I. Rashba, Phys. Rev. B 46,
1628 (1992), URL https://link.aps.org/doi/10.1103/
PhysRevB.46.1628.
24 V. M. Apalkov and E. I. Rashba, Phys. Rev. B 48,
18312 (1993), URL https://link.aps.org/doi/10.1103/
PhysRevB.48.18312.
25 N. R. Cooper and D. B. Chklovskii, Phys. Rev. B 55,
2436 (1997), URL https://link.aps.org/doi/10.1103/
PhysRevB.55.2436.
26 K. Asano and T. Ando, Phys. Rev. B 65, 115330 (2002),
URL https://link.aps.org/doi/10.1103/PhysRevB.
65.115330.
27 V. M. Apalkov, F. G. Pikus, and E. I. Rashba, Phys. Rev.
B 52, 6111 (1995), URL https://link.aps.org/doi/10.
1103/PhysRevB.52.6111.
28 A. Wo´js and J. J. Quinn, Phys. Rev. B 63,
045303 (2000), URL https://link.aps.org/doi/10.
1103/PhysRevB.63.045303.
29 A. Wo´js, J. J. Quinn, and P. Hawrylak, Phys. Rev. B 62,
4630 (2000), URL https://link.aps.org/doi/10.1103/
PhysRevB.62.4630.
30 W. Zhu, Z. Liu, F. D. M. Haldane, and D. N. Sheng, Phys.
Rev. B 94, 245147 (2016), URL https://link.aps.org/
doi/10.1103/PhysRevB.94.245147.
31 F. D. M. Haldane, Phys. Rev. Lett. 55, 2095 (1985), URL
https://link.aps.org/doi/10.1103/PhysRevLett.55.
2095.
32 W. Scha¨fer and M. Wegener, Semiconductor Optics and
Transport Phenomena (Springer-Verlag, 2002), ISBN 3-
54061614-4.
33 M. Sidler, P. Back, O. Cotlet, A. Srivastava, T. Fink,
M. Kroner, E. Demler, and A. Imamoglu, Nature Physics
13, 255 (2017), ISSN 1745-2481, URL https://doi.org/
10.1038/nphys3949.
12
34 D. K. Efimkin and A. H. MacDonald, Phys. Rev. B
95, 035417 (2017), URL https://link.aps.org/doi/10.
1103/PhysRevB.95.035417.
35 D. K. Efimkin and A. H. MacDonald, Phys. Rev. B
97, 235432 (2018), URL https://link.aps.org/doi/10.
1103/PhysRevB.97.235432.
36 V. J. Goldman, M. Santos, M. Shayegan, and J. E. Cun-
ningham, Phys. Rev. Lett. 65, 2189 (1990), URL https:
//link.aps.org/doi/10.1103/PhysRevLett.65.2189.
37 C.-C. Chang, G. S. Jeon, and J. K. Jain, Phys. Rev. Lett.
p. 016809 (2005).
38 W. Bishara and C. Nayak, Phys. Rev. B 80,
121302 (2009), URL https://link.aps.org/doi/10.
1103/PhysRevB.80.121302.
39 I. Sodemann and A. H. MacDonald, Phys. Rev. B
87, 245425 (2013), URL https://link.aps.org/doi/10.
1103/PhysRevB.87.245425.
40 A. Wo´js and J. J. Quinn, Phys. Rev. B 74,
235319 (2006), URL https://link.aps.org/doi/10.
1103/PhysRevB.74.235319.
41 D. Yoshioka, B. I. Halperin, and P. A. Lee, Phys. Rev.
Lett. 50, 1219 (1983), URL https://link.aps.org/doi/
10.1103/PhysRevLett.50.1219.
42 Z. F. Ezawa, Quantum Hall Effects (World Scientific Pub-
lishing, Singapore, 2000), ISBN 981-02-3430-9.
